We present an exactly solvable model of a spin-triplet f -wave topological superconductor on the honeycomb lattice in the presence of the Hubbard interaction for arbitrary interaction strength. First we show that the KaneMele model with the corresponding spin-triplet f -wave superconducting pairings becomes a full-gap topological superconductor possessing the time-reversal symmetry. We then introduce the Hubbard interaction. The exactly solvable condition is found to be the emergence of perfect flat bands at zero energy. They generate infinitely many conserved quantities. It is intriguing that the Hubbard interaction breaks the time-reversal symmetry spontaneously. As a result, the system turns into a trivial superconductor. We demonstrate this topological property based on the topological number and by analyzing the edge state in nanoribbon geometry.
Introduction: Topological superconductors have been investigated intensively in this decade 1, 2 . A particular feature is that they host Majorana fermions [3] [4] [5] . It is a crucial problem how the topological properties are affected by the presence of the interaction. It is in general a formidable task to attack this problem in strongly correlated systems. Nevertheless, if there are exactly solvable models, they are quite powerful since they provide us with a clear physical understanding. Exact solutions in one-dimensional Kitaev topological superconductors have been constructed [6] [7] [8] [9] [10] . On the other hand, as far as we are aware of, there are so far no exact solutions for higher dimesional topological superconductors.
A Kitaev spin liquid 11 on the honeycomb lattice is a beautiful example of the exact solvable model on interacting Majoroana fermions. A key point is that two Majorana fermion operators are made C numbers on the basis of infinitely many conserved quantities present. Then the interacting Majorana fermion model is transformed into a free Majorana fermion model. It is recently shown that this method is also applicable to trivial BCS superconductors with the Hubbard interaction 12 . Explicit examples have been constructed for the square and cubic lattices.
In this paper, we investigate interacting two-dimensional topological superconductors on the honeycomb lattice. Our observation is that the exactly solvable condition is the emergence of perfect flat bands at zero energy. The operator degrees of freedom associated with the perfect flat bands become C-numbers, and generate infinitely many conserved quantities. The resultant Majorana fermion model is transformed into a free Majorana fermion model.
We explicitly analyze a Kane-Mele model with the spintriplet f -wave superconductor, since the f -wave superconducting pairing is compatible with the honeycomb lattice structure [ Fig.1 ]. We can tune this model so as to possess perfect flat bands at zero energy. The system becomes a fullgap superconductor. It is shown to be a time-reversal invariant topological superconductor by analytically evaluating the spin-Chern number. Next, we introduce the Hubbard interaction into this system. The system is still exactly solvable for arbitrary interaction strength. It is intriguing that the timereversal symmetry is spontaneously broken by the choice of the ground state. This leads to the conclusion that the system becomes a trivial superconductor, which we confirm by analyzing the edge states of zigzag nanoribbons.
Model: We start with the Kane-Mele model 13 H KM on the honeycomb lattice with the spin-triplet f -wave superconducting pairing. As shown in Fig.1 , the f -wave superconducting pairing is compatible with the honeycomb lattice and is natural as well as the s-wave superconducting pairing. We assume an equal spin pairing. The spin-triplet f -wave superconductors are realized by introducing the following interaction term 14 H SC . We then introduce the Hubbard interaction H Hubbard . The total Hamiltonian is given by
with
where c † is creates an electron with spin polarization s at site i, and i, j / i, j run over all the nearest/next-nearest neighbor hopping sites. We adopt the convention that s =↑, ↓ in indices and s = +1, −1 in equations for the up and down spins. We explain each term: (i) The first term of the Hamiltonian H KM represents the usual nearest-neighbor hopping with the transfer energy. (ii) The second term of the Hamiltonian H KM represents the Kane-Mele spin-orbit coupling, where σ = (σ x , σ y , σ z ) is the Pauli matrix of spin, with ν ij = +1 if the next-nearest-neighboring hopping is anticlockwise and ν ij = −1 if it is clockwise with respect to the positive z axis. (iii) The first/second term of the Hamiltonian H SC represents the nearest/next-nearest neighbor f -wave superconducting pairings. The system has the time-reversal symmetry.
Non-interacting case: First we investigate the noninteracting case; U = 0. The Hamiltonian is block diagonal with respect to the spin; H = H ↑ + H ↓ . In order to study superconductivity, we use the Bogoliubov de Gennes formalism. The honeycomb lattice is bipartite, which consists of the A and B sublattices. The nearest neighbor superconducting pairing occurs between the A and B sublattices, while the next-nearest neighbor superconducting pairing occurs within one sublattice:
The Nambu spinor consists of the electrons and holes, and reads
In the Nambu spinor basis the Hamiltonian H s has the form
The eigenvalues read
It is remarkable that perfect flat bands emerge when
As we verify later, the emergence of perfect flat bands generates infinitely many conserved quantities and make one species of the Majorana fermions inactive in the theory with the interaction (U = 0): See (21) . In the following, we investigate the system by requiring this condition. When λ = 0, the gap closes linearly at the K and K points. It is a Dirac nodal superconductor: See Fig.2(a) . Once the λ becomes non-zero, the system becomes a full-gap superconductor: See Fig.2(d) . Topological number: We show that it is a topological superconductor by evaluating the topological numbers. They are the Chern number C and the spin-Chern number C σ . The Chern number is zero, C = 0, due to the time-reversal symmetry. The spin-Chern number C σ is given by C σ = (C ↑ − C ↓ ) /2 in terms of the spin-dependent Chern number C s for each spin subsector [15] [16] [17] [18] . We find that C σ is zero for the flat bands since the eigen functions are given by Ψ = (1, 0, 1, 0) and Ψ = (0, −1, 0, 1) for them. In order to evaluate C s for the valence band, we make a Taylor expansion
where
2 at is the Fermi velocity and ξ = 1 for the K point and ξ = −1 for the K point. The Berry curvature is calculated as
with the Berry connection
and hence we obtain
by adding the contributions from the K and K points. Consequently, the system is topological for λ = 0. We note that the Z 2 index is identical to the spin-Chern number provided that the time-reversal symmetry is present and that the spin is a good quantum number. We may explicitly confirm the Chern number, C = C ↑ + C ↓ = 0, as required by the time-reversal symmetry.
Interacting case: It is in general a very hard task to solve the problem involving the Hubbard interaction H Hubbard , since it is not a quadratic interaction. However, as we soon see, the Hubbard interaction can be rewritten in the quadratic form under the flat band condition (9) .
We introduce Majorana fermion operators η and γ for each sublattice defined by
c js = γ js + iη js , c † js = γ js − iη js ,
for fermions on i ∈ A and j ∈ B sublattices. The Hamiltonian (1) is rewritten in terms of these Majorana fermions as
The time-reversal symmetry T acts as
It is remarkable that the η Majorana fermions are decoupled from the Hamiltonians (17) and (18) by requiring the flat band condition (9) . Furthermore, when we define D i = 2iη i↑ η i↓ , D i commutes with the Hubbard interaction (19) . Hence we obtain [D i , H M ] = 0 for all sites i, which implies that D i becomes a C number. It is given by D i = ±1/2 by using the relation D 2 i = 1/4. It is analogous to the honeycomb Kitaev spin liquid model 11 . Substituting D i to (19) , the Hubbard interaction term becomes quadratic in terms of the Majorana fermion operators and we obtain
This Hamiltonian is exactly solvable for any fixed set of D i , since it is quadratic in terms of the fermion operators γ. A set of D i serves as infinitely many conserved quantities that make the system exactly solvable. In the basis Ψ = (Ψ ↑ , Ψ ↓ ), the Hamiltonian is written in the form
where the sign is + for the ferro-order and − for the antiferroorder. For the ferro-order, the eigenenergy is given by
and for the antiferro-order, it is given by
where the spectrum is doubly degenerated. By using the relation,
we find that the antiferro-order is the ground state in the second order of U . Actually this is the case for arbitrary U by numerically evaluating the energies and comparing them. The gap closes for the ferro-order with λ = 0. The system is a loop-nodal superconductor: See Fig.2(c) . On the other hand, the gap does not close for the ferro-order with λ = 0 [see Fig.2(b) ] and the antiferro-order with arbitrary λ [see Fig.2 (e) and (f)]. The band gap is given by λ 2 + U 2 /16 for the antiferro-order. In addition to the above bands, there are perfect flat bands at zero energy, which do not change at all by the inclusion of the Hubbard interaction. This is because the flat bands are solely associated with the η Majorana fermions, which are irrelevant to the Hubbard interaction consisting solely of the γ Majorana fermions. The spin-Chern number C σ is no longer a good topological number once the Hubbard interaction is switched on and a particular choice of the ground state is made. Indeed, the timereversal symmetry is broken due to the last term of Eq.(21) for a fixed value of D i for i. The Z 2 index is also ill defined since the time-reversal symmetry is spontaneously broken. On the other hand, the Chern number is well defined and remains to be zero (C = 0) even if the spin is no longer a good quantum number. We can check that the Chern numbers of the two valence bands are precisely cancelled. We expect that there are no other topological numbers in the present system. Then, the system turns into a trivial superconductor without gap closing due to the symmetry breaking 20 . It is possible to confirm this by calculating the edge states in nanoribbon geometry based on the bulk-edge correspondence.
Edge states: In order to verify whether the system is topological or not, we calculate the band structure for nanoribbon geometry. The band structure of nanoribbons is given in Fig.3 . The band structures resemble those of graphene 21 for λ = 0 [see Fig.3 First, we investigate the case with λ = 0. There are partial flat bands connecting the K and K points in addition to the perfect flat bands. These partial flat bands move away from zero energy once the interaction is introduced, as shown in Figs.3(b) and (c). The bulk spectrum is fully gapped for the antiferro-order [ Fig.3(b) ] and gapless for the ferro-order [ Fig.3(c) ] apart from the perfect flat bands.
Next, we investigate the case with λ = 0. When U = 0, there are helical edge states, as shown in Fig.3(d) . These helical edge states anticross once the interaction is introduced for both the ferro-order [see Fig.3(f) ] and the antiferro-order [see Fig.3(e) ], which implies that the system turns into a trivial superconductor. This can be understood in the low-energy continuum theory. The helical edge states are perfectly localized in one of the sublattices. The low-energy Hamiltonian is effectively given by
where v is the velocity of the helical edge. The eigenenergy reads
which well describes the anticrossing of the helical edge states: See Figs.3(e) and (f). We note that the anticrossed edge states are almost the same between the ferro-order and the antiferro-order although the bulk spectrum is different, which implies the above low-energy theory is valid. We have constructed exact solvable models on twodimensional topological superconductors. The exact solvable condition is the emergence of perfect flat bands at zero energy, generating infinitely many conserved quantities and making one species of the Majorana fermions inactive. This method will be a guideline for searching further exact solvable models.
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